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lon traps, linear optics,
optical lattices, cQED,

superconduc. devices,
many more
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8*#1Egive examples of these connections in statistical
mechanics

1.! Statistical Mechanical Ensembles
2.! Dynamical Equilibration
3.! Open System Thermalization

4.1 Further connections
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log nUmber accessible number of (q)bifs

states of information
From: Q. Statistical Mechanics To: Q. Information
Strong subadditivity conditional mutual information
(Lieb, Ruskai ‘73) state redistribution, ...
Monotonicity Relative Entropy data processing, converses, ...
(Uhlmann )
Quantum Stein’s lemma classical capacity q. channel,

(Hiai, Petz ‘91) entanglement theory, ...
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Given Hamiltonian

of | particles : H = ZHJ — ZEklEk!"Ekl
j K

250+*0#$*$50EL (X Ve = tr( 1oX)

1

Tes i= | ) (Ek]
[Me.s] k!zjw:e 5 :

Mcs={k:|[Ex! en|" & n}
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Interpretation I: Microcanonical ensemble represents our &'()$*+,$-
description of the system given knowledge only of energy.
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(Popescu, Short, Winter '05; Goldstein, Lebowitz, Timulka, Zanghi ‘06, ...)
Let " be a Hamiltonian and #;the subspace of states with energy

(en-6n%2, en+6n'/2). Then for almost every state | > in #;, and
region %oof size /-101-

lerac (]! ) (! [) = trac("e)llr = O

Interpretation I Microcanonical ensemble represents our &'()$*+,$-
description of the-system given knowledge only of energy.

Interpretation II: Microcanonical ensemble represents the .()$*+,$
state of the system at a given energy. Randomness comes from
entanglement of %and %.-



250+*0#$*$50%8.3&G13'#$:"
9*$03$%0+#,*$'*)'23#."+3"

(Popescu, Short, Winter '05; Goldstein, Lebowitz, Timulka, Zanghi ‘06, ...)

Let " be a Hamiltonian and #;the subspace of states with energy
(en-6n%2, en+6n'/2). Then for almost every state | > in #;, and
region %oof size /-101-

lerac (]! ) (! [) = trac("e)llr = O

Almost every state: W.h.p. over the Haar measure in #_

Easy consequence of: A
Levy’s Lemma e
For a Lipchitz function 2: # 34-5 F- =
f(x) = <f> for almost every x in # - ;

(see Hayden’ and Szarek’s talks for more) fio) = ()
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(Popescu, Short, Winter '05; Goldstein, Lebowitz, Timulka, Zanghi ‘06, ...)
Let " be a Hamiltonian and #;the subspace of states with energy

(en-6n%2, en+6n'/2). Then for almost every state | > in #;, and
region %oof size /-101-

lerac (]! ) (! [) = trac("e)llr = O

Haar measure requires a 6.7of randomness
(exp(O(n)) random bits)

Quantum pseudo-randomness: Can replace Haar measure by a state
138%$&9:1r S, (Dankert $7-;6-<¥>

Open Question:
When can we sample $?*9$!76@om a 2-design in S_?
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Given Hamiltonian ’
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When should we use each ensemble?

250+*ESystem in isolation
2#0+*ESystem in equilibrium with a heat bath at temperature AOB-

2#0+* follows from &50+*y considering the &@&7%€d (;7D in
the microcanonical ensemble and looking at the reduced state of

the system

Justified whenever the interactions of system and bath are ES$;F.
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When should we use each ensemble?

250+*ESystem in isolation
2#0+*ESystem in equilibrium with a heat bath at temperature 1/

What if we are only interested %-
in expectation values of local %o ®

eeeeee
observables? 0000000 booe
oooooo,gl_lo‘,oooo

1 1 1 1 " OOOOOO\_@IOOOO
('%43'.7.%3&#$'3$-5+*8&3$N" oo ececccocoo oo

)*+'5%.31)H"

i.e. Forevery B,is ! X "mce () #! X "¢ g fore(B) =tr(Hpg) ?

sl o ol
Ex. Experiments with cold atoms MM \M WY

I n O ptl Ca | I a tl-_l Ce S () Preparation (if) Evolution (iif) Readout
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85GG.'IJKL“For the average square of the anomalies of the energy, we find
an expression which vanishes in comparison to the square of the average
energy, when the number of degrees of freedom is indefinitely increased. An
ensemble (...), if distributed canonically, would therefore appear to human
observation as an ensemble of systems in which all have the same energy.”

Energy Variance: var(H) = <H*>_; - <H>_,?
Canonical ensemble: ! X"cy ==1tr( !, X)
Microcanonical ensemble: (X Yyce = tr( 1eX)
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85GG.'IJKL“For the average square of the anomalies of the energy, we find
an expression which vanishes in comparison to the square of the average
energy, when the number of degrees of freedom is indefinitely increased. An
ensemble (...), if distributed canonically, would therefore appear to human
observation as an ensemble of systems in which all have the same energy.”

Energy Variance: var(H) = <H*>_; - <H>_,?
Canonical ensemble: ! X"cy ==1tr( !, X)
Microcanonical ensemble: (X Yyce = tr( 1eX)

Heat Capacity: C(B)

Var(H) = C(B)/B? = O(system size)  (when correlation length finite)

<H>_, = O(system size) >> Var(H)'/2= O(system size)/?

To simplistic, microcanonical and canonical states are nearly
orthogonal for large systems!
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! Non-equivalence for critical systems - —
(or symmetric-broken systems ) g wor A 1

E.g. 2D Ising model with diverging ’/

correlation length

0.0 1 I 1 1 1
2.0 22 T, 24 2.6 2.8 30
ksT/J

(Desermo '04)
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4.0

-+—— infinite system

3.0

I Non-equivalence for critical systems
(or symmetric-broken systems )

E.g. 2D Ising model with diverging

correlation length

2.0 -

RN microcanonical
H \
o /
o \
i\
AR Y
P\
s kY .

£ 9 canonical
/ . /
d \©

N

e(T)/ks

0.0 L ] ] 1
2.0 22 T, 2.4 2.6 2.8 3.0
ksT/J

(Desermo '04)

| Equivalence in the thermodynamical limit in “unique phase region”
(i.e. one KMS state)

- equivalence thermodynamical potentials (Lebowitz, Lieb 69, Lima 72, ...)
- equivalence reduced states (Muller, Adlam, Masanes, Wiebe ‘13)

Footprint: requires thermo limit, translation invariance and gives no bounds on the size of %
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(B., Cramer ‘15)
Let " be a Hamiltonian of | particles on a 8-dimensional lattice.

Let Bbe such that | 5 has a correlation length J.

1
Then for most regions %of size = n 1+ d | ' 1

!trAc(!e(! ),") ! trAc("! )' 1# O

on the arXiv today
O*++31#,*$'13SMWUFHor all X, Z-
| di "
COV(X, 7 )! | | 2 dist( X,Z )/

% cov(X,Z ),
= I XZ "!! # 1 X"!! !Z"!!

%_
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(B., Cramer ‘15)

Let " be a Hamiltonian of | particles on a 8-dimensional lattice.
Let Bbe such that | 5 has a correlation length J.

1
Then for most regions %of size = n 1+ d | ' 1

!trAc(!e(! ),") ! trAc("! )' 1# O

65—{k | kl

' 5 ﬁ} Tes 1= L Z |Ek><Ek

[ Mes k! Mo s

' 2d
Works for: O qu ﬁ(n) "Lt O(1)

Open Question: How small can Kbe?

Sometime 6=0, ie. eigenstate thermalization (Srednicki’94)
But not always: many-body localization
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(B., Cramer ‘15)
Let " be a Hamiltonian of | particles on a 8-dimensional lattice.

Let Bbe such that | 5 has a correlation length J.

1
Then for most regions %of size = n 1+ d | ' 1

!trAc(!e(! ),") ! trAc("! )' 1# O

>+**)'based on quantum information theory:
smoothed (max) relative entropy, substate thm, Pinsker’s inequality
+ new quantum lattice version of Berry-Esseen Theorem

Open questions:
How big can the region be? Can prove it for ;66regions?
What happens in the symmetry-broken phase?
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State at time 7. |! t> = U(t)‘0>! n
- U(t)= T oMt
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State at time 7. |! t> = U(t)‘0>! n
- U(t)= T oMt

will [ (t)! equilibrate?

.e. for most 7H-{#) L L (B} H--L g2
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S T

State at time 7. |! t> = U(t)‘0>! n
- U(t)= T oMt

will [ (t)! equilibrate?

l.e. for most 7TH-{E - L-{EHH#---g-2---NO -
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| “macroscopic” measurements (von Neumann ‘29)

| l]ocal measurements (Linden, Popescu, Short, Winter)

| local measurements relative to an external observer

(ie. apply U to part of a state correlated with another)
(Hayden, Preskill ‘07,
del Rio, Renner, Wehner “13)

| Low-complexity measurements
(i.e. measurements that require time much less than /)

(B. Harrow, Horodecki ’12)

Tightly connected to :30*"B15%Mtentral primitive in g. comm. theory



=F"515G+#,*$"*)"."G.7.%3&.'5.
M3$3+50

(Linden, Popescu, Short, Winter '08)
Any Hamiltonian " (with non-degenerate energy gaps) equilibrates:

Ev olts(t)” Tt # C
with | S(t) = tr \S(eitH |On!n0n|e! itH )

and T's = lim Ewrls()=  ['Ex]0"’|Ei" Exl
| Kk

-
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The previous approach only gives bounds $LM.!$!+;:66@ng
in the number of particles

(\""HSBF"'515G+#,*$'M3$3+50H'

Time-independent Hamiltonians:
No: many-body localization

(zero Lieb-Robinson velocity, clustering for all eigenstates,
area law for all eigenstates, ....)

Time-dependent Hamiltonians:
Yes (in a sense)
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Random Circuits: Model of quantum evolution in which every time
step is given by an application of a local unitary (chosen at random)

Discrete versionof U(t) = T g o H(t)dt

with random H(t) = Hy,(t) + Hya(t) + ... + H__,(t)
Ex.
IO >#+#1131'P*0#1' @#$:*&'95+0" =
in each step ! /2 independent Haar
two-qubit gates are applied to either
((1, 2), (3, 4), ...,(n-1,n)) or o
((2, 3), (4,5), ...,(n-2,n-1))

Similar definitions in higher dimensions, other sets of gates, etc

| <N +#$:4&'05+0"5%. 'SF"515G+#9%63H"
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(Oliveira et al ‘06, Harrow, Low ‘07, ...) Bounds on local equilibration and
connections to unitary designs and mixing times Markov chains

(B, Harrow, Horodecki ‘12) 1D random circuits locally equilibrate as fast as
possible (saturate the speed-of sound bound). Open for >1D
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(Oliveira et al ‘06, Harrow, Low ‘07, ...) Bounds on local equilibration and
connections to unitary designs and mixing times Markov chains

(B, Harrow, Horodecki ‘12) 1D random circuits locally equilibrate as fast as
possible (saturate the speed-of sound bound). Open for >1D

(Hayden, Preskill ‘07, Sekino, Susskind ‘08) Fast-Scrambling Conjecture
No dynamics equilibrate (relative to an external observer) in less than
O(log(n)) time. Random circuits saturate the bound. Open, but:

(Lashkari $7-;611) Evidence for fast scrambling conjecture
(Brown-Fawzi ‘13) Random circuits equilibrate in O(log”3(n)) time
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(Oliveira et al ‘06, Harrow, Low ‘07, ...) Bounds on local equilibration and
connections to unitary designs and mixing times Markov chains

(B, Harrow, Horodecki ‘12) 1D random circuits locally equilibrate as fast as
possible (saturate the speed-of sound bound). Open for >1D

(Hayden, Preskill ‘07, Sekino, Susskind ‘08) Fast-Scrambling Conjecture
No dynamics equilibrate (relative to an external observer) in less than
O(log(n)) time. Random circuits saturate the bound. Open, but:

(Lashkari $7-;611) Evidence for fast scrambling conjecture
(Brown-Fawzi ‘13) Random circuits equilibrate in O(log”3(n)) time

Anything happens ;N$Cequilibration?

(Sussking ‘14) Yes, preparation complexity of the state keeps increasing up to
times exp(O(n)). Open for time-independent models, but

(B, Harrow, Horodecki ‘12) Can prove it for random circuits
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Sometimes we can model the interaction of a quantum system with
an environment by an action on the system only
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Sometimes we can model the interaction of a quantum system with
an environment by an action on the system only:

Quantum Master Equations (aka Liovillians, Linbladians, ...)

Canonical example: cavity QED

\
| ”\\) = LiH1e2 aal Jaal+lad)
2 c — = Li[H,! ala! (aa +'!aa

28 $I$ %#$$!+!$ $

Lindblad Equation: 3—1 =L(1)=Vi[H, ]+ .Z' (Ai!Ai | %!AiAi | %AiAi!)

(most general Markovian and time homogeneous q. master equation)

Generates completely positive tL
I ) = I
trace-preserving map: (D)= e (1)

<*N'1*$M":*3.'5%'%#D3'%*'+3#04'3F"51 5B FH &I B A3: ' B*5$%&)"




O01#..50/81#"G3O73#&50.

A stochastic map M = e® is a Glauber dynamics for a (classical)
Hamiltonian if it’s generator P4s local and the unique fixed point
of M is $3B'0QRBGdetailed balance)

Ex: Metropolis, Heat-bath generator, ....

When is Glauber dynamics effective for sampling from Gibbs state?
(Markov Chain Monte-Carlo, many applications)
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A stochastic map M = e€ is a Glauber dynamics for a (classical)
Hamiltonian if it’s generator P4s local and the unique fixed point
of M is $3B'0QRBGdetailed balance)

Ex: Metropolis, Heat-bath generator, ....

When is Glauber dynamics effective for sampling from Gibbs state?
(Markov Chain Monte-Carlo, many applications)

Gibbs state with

(Stroock, Zergalinski '92;
Martinelli, Olivieri ‘94

(Sly “10)

/B

(Proved only for hard core
mode and 2-spin anti-
ferromagetic model)
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Do we have quantum analogues of Glauber dynamics? Open
(Davies ‘79)
Davies map: non-local generator
(can we at least implement locally on g. computer?)
(Majewski, Zergalisnki ‘95)
Heat-Bath maps (aka Petz’s transpose channel): non-local generator
(can we at least implement locally on g. computer?)
(Temme $7-;611)
Quantum Metropolis: non-local generators
T;! be implemented efficiently on g. computer
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Do we have quantum analogues of Glauber dynamics? Open

(Davies ‘79)
Davies map: non-local generator
(can we at least implement locally on g. computer?)
(Majewski, Zergalisnki ‘95)
Heat-Bath maps (aka Petz’s transpose channel): non-local generator
(can we at least implement locally on g. computer?)
(Temme $7-;611)
Quantum Metropolis: non-local generators
T;! be implemented efficiently on g. computer

For commuting Hamiltonians (e.g Toric code, Levin-Wen model, ...):
Davies maps and Heat-bath maps ;O%$local.

O#P'N3"$:3+.%#3$:'%43'3U053$07*) FLH"G3+7 $#&50.'5%5'%45.'0#..

31
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(B., Kastoryano ‘15)

If a 2D commuting Hamiltonian satisfies 6.*;69!89&+!:'9&D; (962t @
temperature AOBthen the quantum heat bath Gibbs sampler
converges to | ;in M.6 @RNFEBISEmMe

Local indistinguishability: 1Z " X, Hyc

| l1TH " I c) |
{trzc g 'H o g ! (H+Hxe) I v ol dis(ZX cy/
BT () x

Equivalent to a form of clustering: " T
a B cov(X, Y ) 1" XMt

Reduces to finite correlation length in classical models

Proof by using theory of weighted non-commutative L spaces and
characterization of states with zero conditional mutual information
(Hayden, Jozsa, Petz, Winter ‘04)
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(B., Kastoryano ‘15)

If a 2D commuting Hamiltonian satisfies 6.*;69!89&+!:'9&D; (962t @
temperature AOBthen the quantum heat bath Gibbs sampler
converges to | zin M.6 @RNFEBISEmMe

Local indistinguishability: ' Z " X, Hxc

| I1H " o l(H+Hyc)" |

| € | o ol dist(ZX )/
1 {rzec I 1rze | 2 c
| tr(. . .) tr(...) | 1 X @

Open questions:

3D? Log-sSobolev constant?

Non-commuting Hamiltonians?

Classical Algorithms for Q. Gibbs Sampling?
BQP-complete «» NP-hard phase-transition?
Applications Q. Gibbs Sampling to machine learning?
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gl: Quantum PCP Conjecture  (see review: Aharonov, Arad, Vidick ‘13)
Is estimating the C$;!-20$$-$!$O:@¢guantum models QMA-hard?
(known to be NP-hard by PCP thm)

g2: NTLS Conjecture (Freedman, Hastings ‘13)

Are there local Hamiltonians for which ;66eigenstates up to energy
W'have topological order?

(i.e. cannot be created by constant-depth circuit? How about M.6@rucits?)

g3: Self-Correcting Quantum Memories (Dennis, Kitaev, Landahl, Preskill ‘01)
Are there Hamiltonians robust under static pertubations that take
a long time to thermalize?

>4D: YES <2D: NO (probably) 3D: ???7?7?
(Dennis $7-;601, ...) (Bravyi, Terhal ’08, ...,Temme ‘14) (Haah 11, ...)
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el Quantum Information Theory benefited, and still benefits,
greatly from quantum statistical mechanics

| QIT is starting to give back to Q. Statistical Mechanics

| A lot of scope for further and deeper connections
(see Jaksic’s talk)

64#3D.\
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Theory Entanglement Purity Asymmetry
O‘;';Zfigrfls LOCC Ng,suy T(g)0eOT (g) = ¢
States Seperable I/d o =T(go T (g)
Monotones igf R(p||o) R(p| %) =N—S(p) inf R(p||o)

“Qh{es’s” TMMS

From J. Oppenheim



