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When does area law hold?

15t guess: it holds for every low-energy state of local models
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When does area law hold?

15t guess: it holds for every low-energy state of local models

(Irani ‘07, Gotesman&Hastings ‘07)
There are 1D models with volume scaling of entanglement in groundstate

Must put more restrictions on Hamiltonian/State!




Relevance

Area Law
S, a<l1

1D:

Renyi Entropies:

Matrix-Product-State:

> Good Classical

Description
(FNW ‘91 (|V|PS)
Vid '04)
1 a
Sa(p) := log tr(p®)




Relevance

1D: Area Law > Good C.Ias.sical
' S, <1 Description
Vid '04)
. , 1 .
Renyi Entropies: Salp) = " log tr(p®)

Matrix-Product-State:  [¢) = Z br( A o5 0l Jlipme

>1D: 7?7?77

(appears to be connected with good tensor
network description; e.g. PEPS, MERA)
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2"d guess: Area Law holds for
1. Groundstates of gapped Hamiltonians

2. Any state with finite correlation length
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Gapped Models

Def:
(gap) A(H) := E1(H) — Eo(H)

(gapped model) {H,}gappedif 3 A >0, A(H,) > AVn

finite (YA ® Bly) — (| Alp) (4| B|¢)|

(Has ‘04) o
% correlation length z grse B

gap

—v_—A/T
(expectatN Exponential small c(T) <T Ve / ;

no proof] heat capacity T'<T



Area Law?

finite 1D
gap W) correlation area law W) MPS
(Has ‘04) length (FNW '91
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Area Law?

finite

1D
gap W) correlation area law W) MPS
(Has ‘04) length (FNW '91
£ <0(1/A) Vid '04)

Intuition: Finite correlation length should imply area law
I=0(¢)

OOOOOOiOOOOOIOOOOOOOOOOOOOOOOOOOOO

1 Y )\ Y J\ Y ]

X Y Z
Obstruction: Data Hiding

Py sty &% - 2),,, <27V, but |lpxz — px ® pzl > 1
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finite 1D
gap :> correlation 277  arealaw :> MPS
(Has ‘04) length (FNW '91

Vid '04)
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Area Law in 1D: A Success Story

Efficient algorithm (Landau et al ‘14)

gap :> correlation :> area law :> MPS

(Has ‘04) length (B, Hor 13) (FNW 91

£ <0(1/n) y Vid '04)

(Hastings '07) S < e®/a)

(Arad et al '13) S< O(1/A)

2"d guess: Area Law holds for

1. Groundstates of gapped Hamiltonians 1D, YES! >1D, OPEN
2. Any state with finite correlation length 1D, YES! >1D, OPEN
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Area Law from Specific Heat

Statistical Mechanics 1.01
1 —H/T
Gibbs state: PT -— Z_e / , 4T Ztr(e—H/T)
4 5
1
energy density: 6(T) = Ntl‘(H,OT)

1
entropy density: s(77) := NS('OT)



Area Law from Specific Heat

Statistical Mechanics 1.01

)

: —H/T
Gibbs state: AT ‘= ZT , Zp =tr(e ®#/T)

1
energy density: €(T) = Ntl‘(H,OT)

1
entropy density: s(77) := NS('OT)

Specific heat o(T) = Ou(T")
capacity: or'  |pi_mp
1




Area Law from Specific Heat

Specific heat at T close to zero:

Gapped systems: ¢(1') < e

(superconductor,
Haldane phase,
FQHE, ...)

Gapless systems: ¢(T') < T

(conductor, ...)



Area Law from Specific Heat

Thm Let H be a local Hamiltonian on a d-dimensional lattice
A :=[n]9. Let (R, ..., Ry), with N = n¢/I9, be a partition of A into
cubic sub-lattices of size / (and volume [9).

1. Suppose c(T) < TVe™Tfor every T < T.. Then for every ¢
with (| H|p) < n?/I

37 St (19)(01) < O log(D)

Eo(H) =0




Area Law from Specific Heat

Thm Let H be a local Hamiltonian on a d-dimensional lattice
A :=[n]9. Let (R, ..., Ry), with N = n¢/I9, be a partition of A into
cubic sub-lattices of size / (and volume [9).

2. Suppose c(T) < TV for every T < T_. Then for every ¢ with
(Y|Hp) < n/l

¥ 2 Sltrae, () (v]) < 00 7H)

Eo(H) =0
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Why?

Ri| Ry Free energy:

Fr(o):=tr(Ho) —TS(0)

Variational Principle:

Fr(o) = Fr(pr)

et 1= tr , ([9) () ® ... © try g, (9 (0])

d

n) < (lHI) + (g ) et < on)i
By the variational principle, for Ts.t. u(T) < ¢/l : S(ﬂ‘) < ldS(T)

T /
T
Result follows from: S(Z ) — 3(()) + / C( )

T




Summary and Open Questions

Summary:

|H

Assuming the specific heat is “natural”, area law holds for
every low-energy state of gapped systems and “subvolume
law” for every low-energy state of general systems

Open questions:

- Can we prove a strict area law from the assumption on ¢(T) S TVe®T?
- Can we improve the subvolume law assuming ¢(T) < TV ?
- Are there natural systems violating one of the two conditions?

- Prove area law in >1D under assumption of (i) gap (ii) finite correlation
length

- What else does an area law imply?



