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Quantum	
  states	
  on	
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  laLce	
  

C2

Def:	
  Area	
  Law	
  holds	
  for	
  
if	
  for	
  all	
  R,	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  

| i

S(trRc(| ih |))  O(|@R|)R

@R : boundary of R

|R| : volume of R

|@R| : volume of @R
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  it	
  holds	
  for	
  every	
  low-­‐energy	
  state	
  of	
  local	
  models	
  

H =
X

<i,j>

Hi,j , kHi,jk  1

Energy of | i : h |H| i

H =
X

k

Ek|EkihEk|, E0  E1  . . .
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  (appears	
  to	
  be	
  connected	
  with	
  good	
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  network	
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X	
   Z	
  Y	
  

l	
  =	
  O(ξ)	
  	
  

ρXZ = ρX ⊗ ρZ ψ
XYZ

= UY1Y2→Y⊗IXZ( ) π XY1
υ

Y2Z

(Uhlmann)	
  

1D	
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  ,	
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e(T ) :=
1

N
tr(H⇢T )
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e(T ) :=
1

N
tr(H⇢T )

s(T ) :=
1

N
S(⇢T )
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  heat	
  	
  
	
  	
  	
  	
  	
  	
  capacity:	
  	
  	
  	
  	
  

e(T ) :=
1

N
tr(H⇢T )

s(T ) :=
1

N
S(⇢T )
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Specific	
  heat	
  at	
  T	
  close	
  to	
  zero:	
  
	
  
Gapped	
  systems:	
  	
  
(superconductor,	
  	
  
Haldane	
  phase,	
  	
  
FQHE,	
  …)	
  
	
  
	
  
	
  
	
  
	
  
	
  

Gapless	
  systems:	
  
(conductor,	
  …)	
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  Specific	
  Heat 

Thm	
  Let	
  H	
  be	
  a	
  local	
  Hamiltonian	
  on	
  a	
  d-­‐dimensional	
  laLce	
  
Λ	
  :=	
  [n]d.	
  Let	
  (R1,	
  …,	
  RN),	
  with	
  N	
  =	
  nd/ld,	
  be	
  a	
  parVVon	
  of	
  Λ	
  into	
  
cubic	
  sub-­‐laLces	
  of	
  size	
  l	
  (and	
  volume	
  ld).	
  	
  
	
  

1.	
  Suppose	
  c(T)	
  ≤	
  T-­‐ν	
  e-­‐Δ/T	
  for	
  every	
  T	
  ≤	
  Tc.	
  Then	
  for	
  every	
  ψ	
  
with	
  

E0(H) = 0

1

N

NX

i=1

S(tr⇤\Ri
(| ih |))  O(ld�1

log(l))
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  of	
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  l	
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2.	
  Suppose	
  c(T)	
  ≤	
  Tν	
  for	
  every	
  T	
  ≤	
  Tc.	
  Then	
  for	
  every	
  ψ	
  with	
  

E0(H) = 0

1

N

NX

i=1

S(tr⇤\Ri
(| ih |))  O(ld�1+ 1

1+⌫ )
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(| ih |)
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✓
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◆
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Free	
  energy:	
  
	
  
	
  
VariaEonal	
  Principle:	
  	
  

FT (�) := tr(H�)� TS(�)

FT (�) � FT (⇢T )

Let	
  
	
  
	
  
	
  
	
  
By	
  the	
  variaVonal	
  principle,	
  for	
  T	
  s.t.	
  u(T)	
  ≤	
  c/l	
  :	
  	
  
	
  
	
  

⇡ := tr\R1
(| ih |)⌦ . . .⌦ tr\R1

(| ih |)

tr(⇡H)  h |H| i+
✓
nd

ld

◆
c0ld�1  cnd/l

S(⇡)  lds(T )



Why? 
Free	
  energy:	
  
	
  
	
  
VariaEonal	
  Principle:	
  	
  

FT (�) := tr(H�)� TS(�)

FT (�) � FT (⇢T )

Let	
  
	
  
	
  
	
  
	
  
By	
  the	
  variaVonal	
  principle,	
  for	
  T	
  s.t.	
  u(T)	
  ≤	
  c/l	
  :	
  	
  
	
  
	
  

Result	
  follows	
  from:	
  	
  	
  	
  	
  

⇡ := tr\R1
(| ih |)⌦ . . .⌦ tr\R1

(| ih |)

tr(⇡H)  h |H| i+
✓
nd

ld

◆
c0ld�1  cnd/l

S(⇡)  lds(T )

s(T ) = s(0) +

Z T

0

c(T 0)

T 0 dT 0



Summary	
  and	
  Open	
  QuesEons	
  
Summary:	
  
	
  

	
  	
  	
  	
  	
  	
  	
  Assuming	
  the	
  specific	
  heat	
  is	
  “natural”,	
  area	
  law	
  holds	
  for	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  every	
  low-­‐energy	
  state	
  of	
  gapped	
  systems	
  and	
  “subvolume	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  law”	
  for	
  every	
  low-­‐energy	
  state	
  of	
  general	
  systems	
  
	
  
Open	
  quesEons:	
  	
  
	
  
-­‐  Can	
  we	
  prove	
  a	
  strict	
  area	
  law	
  from	
  the	
  assumpVon	
  on	
  c(T)	
  ≤	
  T-­‐ν	
  e-­‐Δ/T	
  ?	
  	
  

-­‐  Can	
  we	
  improve	
  the	
  subvolume	
  law	
  assuming	
  c(T)	
  ≤	
  Tν	
  ?	
  

-­‐  Are	
  there	
  natural	
  systems	
  violaVng	
  one	
  of	
  the	
  two	
  condiVons?	
  

-­‐  Prove	
  area	
  law	
  in	
  >1D	
  under	
  assumpVon	
  of	
  (i)	
  gap	
  (ii)	
  finite	
  correlaVon	
  
length	
  

-­‐  What	
  else	
  does	
  an	
  area	
  law	
  imply?	
  	
  


