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(Lieb and Ruskai ‘73) For !..qgo,
%

% S(CB)+ S(RB) > S(CRB) + S(B)

%
%
Conditional Mutual Information (CMI)

%

%(C : R|B) := S(CB) + S(RB) — S(CRB) — S(B)

By SSA: I(C': R|B) >0

%

Can we improve SSA?

l.e. Is there a positive non-identically-zero function &¥(%6%

I(C: R|B) = f(pcrB)



CMI for Probability Distributions

For a probability distribution *, _:

z' ~p(2)

t%X Y| Z)= E I(X: Y)p(ac,y|z=z’)

%
%
%
%
%%



CMI for Probability Distributions

For a probability distribution *

PX:Y[Z)= B I(X:Y)pyle=z)

; 2/ ~p(z)
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CMI for Probability Distributions

For a probability distribution *

PX:Y[Z)= B I(X Y )p(,yle=z)

; 2 ~p(2)
J0%
0
X :Y\|\/) = S
«Offé( ‘ ) qm1\14nc (pXYZHC]XYZ)

MC :={1: x-z-y form a 2.3456 78.9/}
%
Bedative entropy:  S(pllq) : Z pilog(pi/qi)

Since S(pllg) > |lp — ¢q||?/ In(4) (Pinsker’s inequality),
+<,=->0@nplies * is A;@“Belose to a Markov chain



CMI for Probability Distributions

For a probability distribution *, _:

-E{;S(X Y1Z) NZ z L . >p(w,y|z=»Z’) 1

/0%
JX:Y|Z)= min S(pxyzllaxyz) 297

%

qeMC
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Quantum Markov States

Classical:

i) EFGMd%%ov if Eand Hare independent conditioned on G%
ii) EFGMHrkov if there is a channel | %<%-%5.3%,*%>%K%80%

Quantum:
i) !.4 Markov quantum state if " and #%re independent
conditionedon $, i.e. Hp ~H Hp, , ® Hp,,, and
k

PCRB = @pkpoBL,k X PBRLR
k

993 .., Markov if there is channel | %<%$%E3%#%. >%dK%H0%%
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Quantum Markov States vs CMI

(Hayden, Jozsa, Petz, Winter ’03) :;"<#=$>KIffb..4ds quantum Markov

] obs:
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Applications

(Brown and Poulin “12)

(Quantum Hammersley-Clifford thm) Every many
body state with vanishing CMI is the Gibbs state
of a commuting model (on triangle-free graphs)

(Lewin and Wen ‘06)
CMl is equal to twice topological entanglement
entropy. If S(X) = a|0X| —~, I(A:C|B) =2y

(Kitaev, unpublished)
If y=0, the state (+ ancilas) can be created by a
constant depth circuit

What if merely CMI = 0? (Ex. S(X) = a|0X| — v 4 27 9U9XD)



CMI vs Quantum Markov States

Does I(C' : R|B), > (2 ( min S(p||0)> ?

ccrRBEQMC

orjust I(C: R|B) > ' — ?
J (C:R|B)=f | min  [lp—ocll

QMC := {0"#$ . OCRB — @pkpCBL,k %Y PBr kR }
k



CMI vs Quantum Markov States

D I(C:RB), >0 ' S ?
oes 1(C: RIB), = 0 min S(ollo))

NO!!!

orjust I(C:R|B) > f( mei%MCHp—aﬂl) ?
TCRB

QMC :={Owg : OCRB = @pklaCBL,k ® PBr R}
k

(Ibinson, Linden, Winter '06; Christandl, Schuch, Winter ‘11)
If L ggds QMC, L, %'MX3.NOM cr = Y D"k ® " Rk)

k
For an extension p., of the 0%E&b@6ymmetric state ! .,

I(C:R\B) <2 ' — >1/4
(C:RIB) <2/d  min [lpcr—ocrllh =1/



Partial Progress

(B., Christandl, Yard '10; Li, Winter '12; B., Harrow, Lee, Peres ‘13)

| (C:R|B) >

e e s1y% S € @Ml enliilc ©Mal on)

—{M(X)Ztr(LX)h , L>OZL

Applications: qua5|polynom|al-t|me algorithm for testing separability,
faithfulness squashed entanglement, SoS hierarchy, etc...



Partial Progress

(B., Christandl, Yard '10; Li, Winter '12; B., Harrow, Lee, Peres ‘13)

I(C: R|B) >

' S(lc @ M Ic @ M
oentBer a2k S © Mrlpon)llfe @ Malocn)

M = {M(X) Ztr(LiX)m(i\, L; >0, ZL — I}

Applications: quasipolynomial-time algorithm for testing separability,
faithfulness squashed entanglement, SoS hierarchy, etc...
How about the distance to QMC? Open question:
?
I(C: R|B) >

' Mc®@ Mr @ M Mc @ Mrp @ M
BB 11, S(Me ® Mr® Mp(p)||Mc © M © Mp(0))



Approximate Reconstruction

“Small CMI” and “being close to QMC state” are /5) equivalent
(in a dimensional independent way for trace norm or fidelity)

Classically: [(X : Y|Z)
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Approximate Reconstruction

“Small CMI” and “being close to QMC state” are /5) equivalent
(in a dimensional independent way for trace norm or fidelity)

Classically: [(X : Y|Z) = qléll\idnc S(pllg)

1 |
o min Spxvz||[Ix! AMpxz))

Conjecture (I. Kim; A. Kitaev; L. Zhang; Berta, Seshadreesan, Wilde, ...)

I(C:R[B) > min _S(pcrplllc ® Apcs))

or I(C:R|B)>f (! ;gl—iS%B lpcre — Ic ® A(PCB)Hl)




Fawzi-Renner Inequality

thm (Fawzi, Renner ’14)

> —
[(C:R[B) > min —2log(F(pcrp: lc ® As(pcs)))

Fidelity: F'(p,0) : \/01/2p01/2)

P Renyi Relative Entropy: Si/2(pllo) := —2log(F(p,0))

We have: S(pllo) > S1/2(pllo)

Weaker than classical inequality



Strengthening of Fawzi-Renner

thm (B., Harrow, Oppenheim, Strelchuk ‘14)

. . 1 | #
> nlllm !n:BEI!Han cnn ( BCRHl ®[Rn( B%))




Strengthening of Fawzi-Renner

thm (B., Harrow, Oppenheim, Strelchuk ‘14)

I(C': R|B),

1
I; . = Rn An T oo XN
0 5P S PBCrllAn © T (P55

min  MS(ppor||A @ Ir(ppR))

|V

IV

MS(pllo) := max S(M(p)||M(c))

Mi={M: M(X)="> tr(L;X)i)(i|, L;i >0, » L;=1I}



Strengthening of Fawzi-Renner

thm (B., Harrow, Oppenheim, Strelchuk ‘14)

I(C: R|B),

1
~ . . - RRn - g
2o 5 PBERIAn © T (055)
. |
> min MS(pporl|A @ Ir(pBR))
> min Sl/z(,OBC’R ’A X ]R(PBR))

AN:B—-BC




Strengthening of Fawzi-Renner

thm (B., Harrow, Oppenheim, Strelchuk ‘14)

I(C': R|B),

1
> i i ~S(p% || Ap @ Ign (p27
> lim o omin | —S(pporllAn ® Irn (p5R))

- .
> Dnin MS(ppcr||A ® Ir(pBR))
5) i SualoncalA © In(pan)
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Strengthening of Fawzi-Renner

thm (B., Harrow, Oppenheim, Strelchuk ‘14)

I(C': R|B),

1
. . - Rn . XN
20l g S llA © T (P55

2) i, MS(serllA © In(psr)

S) i SyonorlA ® In(pn)

() From: S(pllo) > S12(pllo)and min F(M(p), M(0)) = F(p, o)

() From: Properties relative entropy (Piani ‘09)

Q From: State Redistribution Protocol (Devetak, Yard ‘04)



Comparison Lower Bounds on CMI

|(C:R|B) >

et op 2% S0 Ml omlile @ Malcn)

I(C: R|B) >
MS(,OBCRHA@IR(,OBR))

min
AN:B—BC

1. State Redistribution:

I(C:R|B) > Eg('cer)—ER('cs)

Regularized relative entropy of entanglement:
E}% (! A:B) =

. 1 .
lim — min

SR
n"l N ! angn#SEP (sl arpr)

2. Hypothesis Testing:

ER (pc:Br) — ER (pc:B) =

S(1 M I M
achnelglEP Mrg?b (Ic ® MRr(pcr)||Ic ® MRr(ocr))

1. State Redistribution:
I(C: R|B) >

lim min
n—oo A,,:B"—B"C™

1 n
® Irn (p5R))

n (PBCRH

2. Hypothesis Testing:

> min
AN:B—BC

MS(pBCRHA X IR(PBR))




State Redistribution

V) AcBR
Alice Bob Reference
/X -
A C B R
X Y




State Redistribution

1Y) acBR
Alice Bob Reference
/X o
/xgji}llllllllllllllll}WB R
X Y
D) xv

(Devetak, Yard ‘06)
Optlmalquantum communication rate: P%:;"<#=%$>%

l.e. there exist encodings E_ : A"C"X_ -> A"G, and
decodings D, : B"G, Y, -> B"C" s.t.

nh_)ng@ |Dy o En(19)(¥]3Bcr ® 2x,v.) — [¥) (@[ 35crl =0

log dim(G,,) _ EI(C R|B)
5 .

lim
n— 00 n



Proof of ...

I(C: R|B) > i ' —S(PSR A @ Ipn (pS7
oo [(C:R[B) 2 lim ~ min  —S(ppcrllA® Irn(ppR))
Idea: Consider the optimal state redistribution protocol and
replace the quantum communication by white noise (maximally
mixed state)



Proof of ...

1
I(C: R|B) > i ' —S(PSE LA @ Ipn (P57

Idea: Consider the optimal state redistribution protocol and
replace the quantum communication by white noise (maximally

mixed state)
After encoding: ¢c.yv, anpnrr = En @ Igngny, (V) (S her @ Px,v,)

As dc.y, Brre < dim(Gp)la, ® ¢y, prpe and v, Brrn = Ty, ® P

(D ® Irn)(16, ®1v, @ piR ) = dim(Gn) ?(Dn @ Ir»)(dc,v,87R")



Proof of ...

1 n mn
I(C: R|B) > lim min —S(pSerIIA @ Irn(p5h))

000
n—oo A,,:B*"—B"C™ N,

Idea: Consider the optimal state redistribution protocol and
replace the quantum communication by white noise (maximally

mixed state)

After encoding: é¢, v, arnprrn = Ep @ Igngey, (|0 (|8 cpn @ Px. v, )
As dc, v, rrn < dim(Gn)lg, @ ¢y, pnrn and v, Br m = Ty, ® pPop
(Dn ® Ir») (16, @ Tv,, ® pgR ) > dim(Gn)~*(Dn ® Ir~)(¢G,v,B"R")

By op monotonicity of the log:

SESerIDn! T )("ay ! "vy ! '5R))

SO SERII(Dn ! Ipn ) (#e, vy B rn ) + 21log(dim(Gy))
\
0 nI(C : R|B)



Open questions:

* Improve bound to relative entropy (like the classical)
* Prove the bound for the transpose channel

* Prove Li-Winter conjecture:

For every states | (J¥nd channel | there is a channel Ss.t.
O&o: R>>%%

S(plle) 1S (P! (o)) + S(pl" "1 (p)

see (Berta, Lemm, Wilde ‘14) for partial progress

* Find (more) applications of the FR inequality!
* Find more improvements of SSA; see (Kim ‘12) for another

I(C: R|B) >

' M, M M M, M M
ag(lQll\r/l[C MCTR/E%}?MB S( ¢ “ f “ B<p)|| “ “ i “ B(O>)

* (dis)Prove:



